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It was shown in an article by Klein [1 ] that if the deformation modulus
of the soil varies with depth z according to the law E = EazB {where E“
is a constant), then provided that the index = and the coefficient of
lateral expansion v satisfy the relation v(2 + m») = 1, there exists an
elementary solution which satisfies the St. Venant compatibility condi-
tions and expresses the effect of a concentrated force applied in a
direction normal to the surface of the soil, Frow this we can find a
power kernel for the integral representing the settlement w in terms of
the pressure p = f(x, ¥)
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Here D is the area of contact

Y=o/nl, a= %(3+rn)/(1+m)(2+m)

For non-negative values of =,integral (0.1) converges if, and only if,
0< m< 1., In cases when the above relation between the constants » and
v is not satisfied Formula (0.1) ceases to be exact, but can still be
accepted as a basis for practical computations. In such cases the con-
stant a is found from the values of the independent varisbles a, v with
the aid of a set of curves [ 1 1. Although the results are not exact,
Equation (0.1) and the unknown function p = f(x, y) are of considerable
interest in themselves, and in one or other equivalent form have already
been the subject of investigation {2,3 1. In particular, a solution is
given in [3 1 in closed form for a circular area. We shall give below a
solution for an elliptical area for the case when F(x, y) is a polynomial,
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together with a solution for a circular area derived by a8 different
method, by reducing (0.1) fto an equation of the Abel type. As an example
we shall consider a bearing surface in the form of a paraboloid of
revolution,

1, In the case of an elliptical area the solution is based on the
following theoren.

Theorem. Let the pressure under the bearing surface, which is ellip-
tical in plan, be expressed by the product of the polynomial TI(x, y) and
the function

(1_‘£§‘“_§£>VAm~4}
a? b
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The settlement w is then given by & polynomial of the same order as
Iz, .

This theorem is a generalization of the analogous theorem of Shtaerman
[4 ] which refers to the classical case of » = 0. It ensbles us to apply
the method of indeterminate coefficients.

Proof. We introduce a set of polar coerdinates with pole at a point
(x, y) inside the ellipse, i.e. we set

z' =z 4 pcos @, y=y+psing (1.2)
We then have
2 pile) 2 o\ itm—1)
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0

where z’y” under the integral sign must be replaced by Expressions (1.2),

and the function p;(¢) in the upper limit is the positive root of the
equation

-y B 2 i 2
%+%rm1==(‘”+f;f"s‘p) +<3;+s;28m¢} i =0 (1.4)

which, for convenlence, we shall write in the form

Cp?4-2Bp — A =0 {1.5)

where
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_ Y — Zcos @ ysu1¢
A=1-Z-3%.>0, B=B( =200
2 2
C=C(p=229 4 00 (1.6)
The roots of this equation are
m—md®—~5 — B+ VB + AC) =« @>0)
p=p(@ = (—B—VEF A =—p (>0 Am
and, in addition
2
1= — b2-0@r—mw—pg

Further, we note that if we add # to the argument of ¢ we do not alter
the value of the function C(¢), but the function B(¢) changes sign. Con-
sequently

P1(Q+ o) = —p2 =B, p2(@+m)=—p1=—
If we now divide the interval of integration with respect to ¢ into

two parts, from 0 to # and from # to 27, and replace ¢ by # + ¢/ in the
second part, we obtain on the basis of the foregoing remarks

n a
F(z,y)= g C‘/z(m—l)dcp { S O(x+4pcosg,y _;: piin ) ~mgy 4
[ — p) (B + p))et—™

B
+\ M- — -
R e LY 1.9
o Ma+pB—rp

In the classical case of m = 0 it is not difficult to combine the in-
tegrals in braces to form an integral of an analytic function (see [a ).
In cases when m # 0, however, we proceed as follows. Consider the inte-
gral

J (2, B) = §> 1 (z + £ cos @, y + & sin @) [({ — a) (¢ + B)]<m—D g‘% (1.9)

taken in the positive direction over the boundary containing the points
—B, 0 in the {-plane cut along the real axis from a to —f3.

If we contract this boundary towards the cut until it coincides with
the edges of the discontinuity, to which should be added circles of arbi-
trarily small radius with centers in the points a, -3, 0, and if we then
evaluate by the usual method the resulting integrals, we find that J(a,B)
differs from the sum of the integrals in braces in (1.8) by a factor
21 cos 1/2 mm. Consequently
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1

T Cm=1 J (4, B) do (1.10)

F(x’ y) =

(- -1

If we now expand Il(x + { cos ¢, y + { sin ¢) in powers of { we find
that

N
1@ B=3 o(coso 2 +sing DY@ T 1€ — o) @+ BIAm Vi 1.41)
n=p

Here N is the order of the polynomial II{(z, y) in the unknowns =, y.
We shall set

Ol B =5 ST~ G+ B (1.12)
Then
T o (o, B) F) a
F s == n ni\ g . L
(=, 9) R §n2:o - (cos(p 3 +smcpay> T (2, y) —te ’/(1 = ( 13)

Integral (1.12) is a finite expression. Indeed, |{| > max (a, B), and
in order to evaluate this integral we expand the integrand into a series
in powers of C"l. But

£ [ — o) (€ 4 B0 — g7 [(4 — ag ) (1 4 BpD Pm1)

— 2 2 r's' (_’___1_ i (m—; 1 )e arBscn—w(r-i—sy—l (1.14)

r=0 8==0

All terms in which r + s £ n vanish after integration. Therefore
n
O (— 1) m—1) m—1 -
®, (o, B) = 2! M{n—ri ( 5 )r( P )n—-r o BT (1.15)
r=0

If we now combine terms equidistant from the beginning and end of this
series and take into account Expressions (1.7) for a and 8, we find that,
for n even or odd, in both cases terms containing sqguare roots disappear.
¢;(a, B) is therefore a polynomial in (z, y). Furthermore, we have found
that the order of this polynomial in =z, y is n. Integral (1.9) is there-
fore a polynomial of order N, as it was required to prove. We could have
given at this stage the final expressions for @3(a, B) in terms of =z, y,
but they are extremely cumbersome. For small values of n the expressions
are

e B=1, By B) = (n—1) D (1.16)
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1 B () \? i A
Dy (2, B) = 5 (m—1) (m — 3) (C—(;f)—> — 5 (m—1) (-(;—@7—> (.47
2. Let us consider a flat bearing surface [die ] inclined to the sur-
face of the soil; here v = v, + wx. In accordance with the previous ex-
ample we shall take p = f(x, y) in the form

z? 32 \'lm—1)
p = (py+ 1) (1-—“—2—;,7 @1
Applying the formulas of the previous example, we have
n
nd cos? @ sin? @ \Y¥{m—1)
W= 1 {POS( 2 T IE > dg + (2.2

cos Y mit b

n

’ cos? sin? ¢ \¥¥m—1) m -1 R cos? @ sin? @ \'a(m—3)
ux[g( azw_ bzq)) 4P + 3 Scosch( e ) dw]}
0 0

From this p, and g can easily be found in terms of w; and w. For q #b
an actual calculation would require tables of functions analogous to the
total elliptical integrals, in the sense that the square root is replaced
by 1/2(1 - m).

3. We shall give now the solution for a circular area. We shall use
polar coordinates with pole at the point (0, 0) and expand F(x, y) and
f(x, y) in Fourier series im the angular coordinate ¢. It can easily be
shown that the relation between the Fourier coefficients F,(r) and f (r)
in both expansions is

2
¢ " €05 n® dw
Fn (Y‘) = szn (S) ds % (?'2 + s2— 2rs 008 m)’/&(m'f‘l} (31)
¢ 9

Here we can write either Fn(’) or fn(r) for cos n¢ and sin n¢, since
in the present context this does not lead to any ambiguity.

The kernel of this equation
2%

a0 9=
0

c0s nodw
(r® + s* — 2rs cos @) /M)

(3.2)

can easily be expregssed in terms of an integral which gives a canonical
representation of some hypergeometric function F(a, b, ¢; z). For,
suppose r > s, and let us put k= s/r and { = ¢'“. Then

— Af(m41) 01
. - g
Kn A\l )= rmt1 (1 — hg)‘/z(m-H) €~ h)‘/z(m—i-l)

(3.3)

where the integral is taken over the circle |§[ = 1. If we now pass by
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the usual method from this integral to an integral taken along the part
of the real axis 0 < x < h which forms the discontinuity, we find that

h Ho(m-+1)+n—~1
2cost/gmn g " e
In (ry 8) = "";ET 1 — hx)‘/z(m-i-l) (h — x)‘/z(m+l) (3.4)

It is convenient here to make the substitution x = (h/sz)tz. This
gives

4cost/ymn ¢ gmHende
X ) =" S [(r — 1) (s2 — )] /4mtD) for s<r (3-5)
Also, by symmetry
r
4008 Yo mnt gmetengy o
Xn (2 8) = rits™ § [(r2 — £2) (s — )} /2(m+D) for r<s (3 3a)

Substituting these expressions in Equation (1.2) we obtain

§

1 . m-2n
o) = 4decost/ymnm {Ssl‘nfn (5) ds S . t dt n
0 0

P rz — t2) (s2 — 12)] Mt

gmten gy ¥

[(r2 — £2) (s2 — )] /elm+D) | (3.6)

- § sl“nfn (s)ds g
r i}

Since the singularity of the integrands (in the inner integrals) is
non-essential, we can reverse the order of integration (in the first
term by using Dirichlet’'s formula). Then, after adding the results, we
obtain

r a
4 cos Yymm S gmteng, S s (s) ds 37
i
(r

F, ()= N 2 __ t2)‘/z(m+1) W

t

It will now be seen that in order to find f, (s) we simply have to
solve two equations of the Abel type. As a final result we have

3

]
Tptr) ==

a u _
—coslppmn . . d S =M gy, d g s"TIR (s) ds 58

n2 r dr (12 — ,.2)‘/2(1—7") du (u‘~’ . Sz)’/z(l—m)

x
This formula coincides with the solution given in [3]. It can be
simplified by integrating by parts and taking the differentiation under
the integral sign (assuming that the derivative Fh'(r) is continuous

over the interval 0 < r < a). Then
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a
( ~costfgmm { P, (@) g P, (@) du \ -
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where
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0
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We note also that for the settlement outside the bearing surface
Formula (3.7) gives

a _
4 cosl/ymn gmten gy st " (s)ds

Fo(r)= n % ta(m +-1) \ 2y'/2(m+1) (3-12)
r f (r2 — t?) : (s? — 1%) T

By putting v in the form of a polynomial we see that (3.9) can be
evaluated without difficulty.

4. We shall consider now a bearing surface in the form of a paraboloid
of revolution

w = w, — Arf (k>1) (4.1)

Here the index % is not necessarily an integer. The case of ¢ = 1 cor-
responds to a conical [die ]} bearing surface. From Formula (3.11) we ob-
tain

T (Mg -+ Yam) T (1 -+ 15k) u“)

W@ =97 (w0 ~ T m T “2
Thus, a regular solution is possible on condition that
Tt 1em) T (14 1k)
Yo="T (Ham Yok +1/9) ¢ (43)
This solution is of the form
¢ gt r
‘3 (2 — z)‘/z(l-—m) ’ P Ty (4.4)
where the constant
coslfommt T (Yo 1/em)T (1 - 1/5k) mk—1 .
K=" T (n 3k F 1) (4:5)
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We then have for the load P

2nKa?

_ 4.6
P=TFmG+itm @9

p g
P = (4 m) (k1 4 m) gz |~ &7
&

In the case when %k is even this result can be expressed very simply.
For example, when & = 2 (the analogte of the Hertz case) we find that

p{r)=2P 32:12 (a — ,2)‘/2(1+1H) (4.8)

The distribution of pressure conforms very closely to this result in
the classical case. With a conical bearing surface, however, the pres-
sure p(0) at the center remains finite. In this case the curve of the
pressure has a vertical tangent at the center.

Prom (3.12) we can show that the settlement outside the bearing sur-
face is

2cosfgmu T (Mo Yam)T (4 + 15k) t™ (aF — if)
wo (1) = n T (o + gk + 1g) S 7t ypEmin 4 (49)
0
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